Abstract. This paper was motivated by a problem left by Herzog and Hibi, namely to classify all unmixed polymatroidal ideals. In the particular case of polymatroidal ideals corresponding to discrete polymatroids of Veronese type, i.e ideals of Veronese type, we give a complete description of the associated prime ideals and then, we show that such an ideal is unmixed if and only if it is CohenMacaulay. We also give for this type of ideals equivalent characterizations for being equidimensional.
Introduction
In this paper, we give a partial answer to a problem left by Herzog and Hibi in [6] . More precisely, they classify all Cohen-Macaulay polymatroidal ideals and, since a Cohen-Macaulay ideal is unmixed, they leave as a problem the classification of all unmixed polymatroidal ideals. Our main result gives a complete answer for this problem in the case of polymatroidal ideals corresponding to discrete polymatroids of Veronese type. A polymatroidal ideal is the ideal generated by the monomials corresponding to the set of bases of a discrete polymatroid. We recall that an ideal J of a noetherian ring R is said to be unmixed if the associated prime ideals of R/J are the minimal prime ideals of J. In general, an ideal in a noetherian ring R is called equidimensional if for all its minimal primes p, dim(R/p) is the same number.
The paper is organized as follows. First of all, in Section 1 we recall some basic facts about discrete polymatroids (see, e.g. [5] ) and we focus on a particular class, namely the class of discrete polymatroids which satisfy the strong exchange property. Herzog et al.( [7] ) showed that the set of bases of a discrete polymatroid satisfying the strong exchange property is, up to an affinity, of Veronese type. The polymatroidal ideal corresponding to a discrete polymatroid of Veronese type we call it ideal of Veronese type, and denote it by I d;a 1 ,a 2 ,...,an , a subset of S = K[x 1 , . . . , x n ], where d, a 1 , . . . , a n are nonnegative integers with n i=1 a i ≥ d. After renumbering the variables, we may assume that d ≥ a 1 ≥ a 2 ≥ . . . ≥ a n . With respect to this assumption, our first result in Section 2 says that the radical of an ideal of Veronese type is squarefree strongly stable. Using this, we obtain the main theorem of this section, Theorem 2.6, which states that an ideal of Veronese type I is equidimensional if and only if √ I is Cohen-Macaulay. In particular, we obtain some combinatorial information about the minimal generators of √ I, which allows us to give a new equivalent description of the equidimensionality of I, cf. Corollary 2.8. We show also that equidimensional polymatroidal ideals corresponding to discrete polymatroids which satisfy strong exchange property are those whose radical is a principal ideal. In the last section, we give in Proposition 3.1 a complete description of the associated prime ideals of S/I, where I is an ideal of Veronese type. Finally, we prove the main result of the paper, Theorem 3.4, which asserts that an ideal of Veronese type, I, is unmixed if and only if I is unmixed and equidimensional if and only if I is Cohen-Macaulay. In particular, this shows that unmixed implies equidimensional for this type of polymatroidal ideals and, it follows from [6, Theorem 3.2] , that the unmixed ideals of Veronese type are precisely the principal ideals, the Veronese ideals, and the squarefree Veronese ideals.
I am very grateful to Professor Jürgen Herzog for many helpful discussions and comments during my stay at the University Duisburg-Essen. Also, I wish to thank for the warm hospitality of School of Mathematical Sciences from Lahore, Pakistan, where I could finish this paper.
Review on Discrete Polymatroids
Fix an integer n > 0 and set [n] = {1, 2, . . . , n}. The canonical basis vectors of R n will be denoted by ε 1 , . . . , ε n . Let Z n + denote the set of those vectors u = (u 1 , . . . , u n ) ∈ Z n with each u i ≥ 0. For a vector u = (u 1 , . . . , u n ) ∈ Z n + , the modulus of u is the number |u| = A discrete polymatroid (see [5] ) on the ground set [n] is a non-empty finite subset P ⊂ Z n + satisfying (1) if u ∈ P and v ∈ Z n + with v ≤ u, then v ∈ P ; (2) if u = (u 1 , . . . , u n ) ∈ P and v = (v 1 , . . . , v n ) ∈ P with |u| < |v|, then there is i ∈ [n] with u i < v i such that u + ε i ∈ P . A base of P is a vector u ∈ P such that u < v for no v ∈ P . We denote the set of bases by B(P ). It is an easy consequence of the definition of a discrete polymatroid that all elements in B(P ) have the same modulus. This common number is called the rank of P and denote it by rank(P ).
According to [5, Theorem 2.3 ] the set of bases of a discrete polymatroid can be characterized by the exchange property: a subset B ⊂ Z n + of vectors of the same modulus, is the set of bases of a discrete polymatroid if and only if for all u, v ∈ B such that u i > v i for some i, there exists j ∈ [n] with u j < v j such that u−ε i +ε j ∈ B.
We say that a discrete polymatroid satisfies the strong exchange property, if for all u, v ∈ B(P ) and for any i, j ∈ [n] such that u i > v i and u j < v j , one has that u − ε i + ε j ∈ B(P ).
An important characterization for the discrete polymatroids is given by the rank function. Let P be a discrete polymatroid. The ground set rank function of P is the function ρ P : 2
[n] → Z + defined by setting
This function is nondecreasing, i.e., if A ⊂ B ⊂ [n], then ρ P (A) ≤ ρ P (B), and is submodular, i.e.,
In the following examples we give a class of discrete polymatroids which satisfy the strong exchange property. Examples 1.1. (a) Let a 1 , . . . , a n and d be nonnegative integers such that a i ≤ d for i = 1, . . . , n. The non-empty subset B of Z n + (non-empty means that 
} is the set of bases of a discrete polymatroid of rank 4 which satisfies the strong exchange property, but it is not of Veronese type. Its ground set rank function is given by ρ({1}) = ρ({2}) = ρ({3}) = 2, ρ({1, 2}) = ρ({1, 3}) = ρ({2, 3}) = 3 and ρ([3]) = 4.
(c) A first example of a discrete polymatroid which does not satisfy the strong exchange property arises in dimension 4. The set {(1, 0, 1, 0), (0, 1, 1, 0), (0, 1, 0, 1), (1, 0, 0, 1)} is the set of bases of a discrete polymatroid of rank 2, but does not satisfy the strong exchange property. Its ground set rank function is given by
The following theorem (see [7, Theorem 1.1] ) , which will be needed later, shows the relationship between discrete polymatroids which satisfy strong exchange property and discrete polymatroids of Veronese type: Theorem 1.2. Let P be discrete polymatroid which satisfies the strong exchange property. Then B(P ) is isomorphic to the set of bases of a polymatroid of Veronese type.
We fix the following notation: let K be a field and S = K[x 1 , . . . , x n ] the polynomial ring in n variables over K with each deg x i = 1. For I ⊂ S a monomial ideal we denote by G(I) its unique set of minimal generators. For a monomial u ∈ S we define by max(u) = max{i| x i divides u} and by min(u) = min{i| x i divides u}. For a subset A = {i 1 , . . . , i k } of [n] we denote by x A the monomial x i 1 · · · x i k , and by P A the prime ideal of S generated by the variables whose index is in A, i.e. the ideal (x i 1 , . . . , x i k ).
We recall that a monomial ideal generated by monomials corresponding to the set of bases of a discrete polymatroid P is called a polymatroidal ideal, and denoted I(P ). In other words, I(P ) is generated by all monomials x v with v ∈ B(P ). In order to shorten the name, we shall use instead of polymatroidal ideal corresponding to a discrete polymatroid with strong exchange property, the name strong polymatroidal ideal, and instead of polymatroidal ideal corresponding to a discrete polymatroid of Veronese type, the name ideal of Veronese type. Remark 1.3. For any polymatroidal ideal I = I(P ) ⊂ S, the radical √ I of I is minimally generated by all monomials x A , where A ⊂ [n] satisfies ρ P (A) = rank(P ) and is minimal with respect to inclusion.
Classification of equidimensional ideals of Veronese type
Let I ⊂ S be a monomial ideal. A vertex cover of I is a subset W of {x 1 , . . . , x n } such that each u ∈ G(I) is divided by some x i ∈ W . Such a vertex cover W is called minimal if no proper subset of W is a vertex cover of I. The ideals generated by the minimal vertex covers of I are exactly the minimal prime ideals of I. We recall, that in general, an ideal in a Noetherian ring S is called equidimensional if for all its minimal primes p, dim S/p is the same number. It is easy to see that a monomial ideal I is equidimensional if all minimal vertex covers of I have the same cardinality.
Throughout this section we consider I an ideal of Veronese type, i.e. there exists nonnegative numbers a 1 , . . . , a n and d with a i ≤ d for i = 1, . . . , n such that I = I(P d;a 1 ,...,an ), and denote it for the rest of paper by I d;a 1 ,...,an . We may assume, after renumbering the variables, that a 1 ≥ a 2 ≥ . . . ≥ a n .
It follows from (1) that G( √ I) is the set of all monomials
such that
Obviously if I is a monomial ideal, I is equidimensional if and only if √ I is equidimensional.
We may also assume that d > a 1 ≥ a 2 ≥ . . . ≥ a n ≥ 1, so I is an ideal of S. Indeed, if a i+1 = . . . = a n = 0 for some 1 < i < n and a i > 0 then we take I = I d;a 1 ,...,a i and consider it as an ideal of K[x 1 , . . . , x i ]. If a 1 = . . . = a n = d, then I is a Veronese ideal, so it is Cohen-Macaulay and hence equidimensional. Otherwise, if a 1 = . . . = a l = d for some 1 ≤ l < n, then x 1 , . . . , x l ∈ G( √ I) and hence any minimal vertex cover of G( √ I) contains {x 1 , . . . , x l }, so √ I is equidimensional if and only if the Veronese type ideal I d;a l+1 ,...,an ⊂ K[x l+1 , . . . , x n ] is equidimensional. But now d > a l+1 ≥ . . . ≥ a n , and therefore we can consider for the rest of this section that I = I d;a 1 ,...,an , with d > a 1 ≥ . . . ≥ a n ≥ 1.
The following lemma is easy but crucial for this section. 
Remark 2.2. In general one can associate to any discrete polymatroid P ⊂ Z n + , with the rank function ρ, a simplicial complex (see for example [1] , [12] ) ∆ on the ground set [n], as follows: Here by G c we denote the set [n] \ G. In general for any squarefree monomial ideal J ⊂ S one can define its Alexander dual J ∨ . Because J is squarefree, then there exists a simplicial complex Γ such that J = I Γ . Then, we set
We recall Lemma 2.3. Let J ⊂ S be a squarefree strongly stable ideal. Then J ∨ is again a squarefree strongly stable ideal.
Proof. As in the previous remark, let Γ be the simplicial complex such that J = I Γ , i.e. J = x F |F ∈ Γ . Let us first observe that G(
. . , i k } with {i 1 , . . . , i k } a facet of Γ. We have to show that for any j ∈ {j 1 , . . . , j n−k } and for any i < j such that i ∈ {j 1 , . . . , j n−k } the monomial m ·
and because J is strongly stable and x j |u, i < j and i ∈ Supp(u) implies u ·
∨ is squarefree strongly stable.
It follows then from Lemma 2.1 and Lemma 2.3 that for an ideal of Veronese type I, the ideals √ I and ( √ I) ∨ are squarefree strongly stable ideals. We introduce now for a squarefree monomial ideal J ∈ S the following invariants: 
Proof. The assertions follow immediately from the inequalities (2)
We observe that m( √ I) = 6, and if our assumption would be true, then b( Proof. We shall prove that (a) ⇔ (b) and (b) ⇔ (c).
(a) ⇔ (b): If the ideal √ I is Cohen-Macaulay, then √ I is equidimensional, so I is equidimensional. For the converse assume that I is equidimensional. Then √ I = I ∆ is equidimensional. According to the [4, Lemma 2.2], this means that I ∆ ∨ is generated in one degree. By Lemma 2.3, I ∆ ∨ is squarefree strongly stable, hence it has linear quotients. It follows from [2, Lemma 4.1] that I ∆ ∨ has a linear resolution over S. Now, applying Eagon-Reiner theorem [3] , we obtain that √ I = I ∆ is a Cohen-Macaulay ideal. It is easy to see that in these formulas G(J) may be replaced by Bor(J). Therefore (b) implies that
Let Bor( √ I) = {u 1 , . . . , u r }, and let i 0 , j 0 ∈ {1, . . . , r} such that
and 
5) and (4) implies that l 1 ≤ t and l b ′ ≤ t + b ′ − 1. Therefore l s ≤ t + s − 1, for any 1 ≤ s ≤ b ′ , so u belongs to the strongly stable ideal generated by u i 0 , a contradiction with u ∈ Bor( √ I).
It is an easy consequence of previous inequality and to our non-descending sequence a 1 ≥ . . . ≥ a n that a l 1 +.
Hence we proved our claim is true. Therefore 
and Bor( I 2 ) = {x 2 x 4 , x 3 x 4 x 6 }. Furthermore, we have m = 6, b = 3, max(x 2 x 4 ) − deg(x 2 x 4 ) = 2 < 3 = 6 − 3 and max(x 3 x 4 x 6 ) − deg(x 3 x 4 x 6 ) = 3 ≤ 3 = 6 − 3. So for any u ∈ Bor( √ I 2 ) we have max(u) − deg(u) ≤ m − b. But I 2 is not equidimensional, according to the theorem, since the Borel generator in maximum degree is x 3 x 4 x 6 instead of x 4 x 5 x 6 . Indeed, one can check that {x 1 , x 2 , x 3 } and {x 1 , x 2 , x 5 , x 6 } are minimal vertex covers of √ I 2 of different cardinality. 
Proof. If I is equidimensional, then it follows easily from Theorem 2.6 that the pair (m, b) satisfies all the conditions from the corollary. For the converse, first we will show that any two pairs (p 1 , l 1 ) and (p 2 , l 2 ) with the properties (i) and (ii) can be compared, hence the name maximal is correct. Assume the contrary, then the only possibility (after a renumbering) for the two pairs to be incomparable with respect to our partial order is to have the following inequalities:
a contradiction (for the second inequality we use that l 1 − 1 ≥ l 2 , p 1 < p 2 and the non-increasing sequence a 1 ≥ a 2 ≥ · · · ≥ a n ). Therefore, the existence of a pair leads to existence of a maximal one.
For finishing the proof it is enough to show that the maximal pair (p, l) from the hypotheses is equal to (m, b). We have from the definition of m and b the following inequalities: p ≤ m and l ≤ b. Arguing by contradiction, suppose that 
Assume now that l = b. From the definition of m, there exists a sequence
In addition, according to the hypotheses on the pair (p, l), m − k ≤ p − l. Since m > p and b = l ≥ k we obtain that m − k > p − l, a contradiction. Hence, our discussion shows that in both cases we get a contradiction, so (p, l) = (m, b). Applying now Theorem 2.6, we obtain that I is equidimensional.
Remark 2.9. (a) It follows from the proof of the corollary that the maximality of the pair (p, l) with respect to the partial order given by the componentwise comparison is induced only by condition (i).
(b) Corollary 2.8 provides an useful tool to show that an ideal of Veronese type is not equidimensional. The strategy is to compute first the maximal pair (p, l) with the property (i) and then find a generator which does not satisfy property (ii). For example, consider the ideal of Veronese type I = I 15;9,6,4,3,2,2,1,1 . We get succesively: 9 + 6 = 15 implies that (p 0 , l 0 ) = (2, 2), then 6 + 4 < 15, 6 + 4 + 3 < 15, 6+4+3+2 = 15 implies that (p 1 , l 1 ) = (5, 4), 4+3+2+2 < 15, 4+3+2+2+1 < 15, 4 + 3 + 2 + 2 + 1 + 1 < 15. Therefore, the maximal pair (p, l) is (5, 4) and p − l = 1. It is easy to see that x 1 x 3 x 6 ∈ G( √ I) and, since 6 − 3 = 3 > 1 = p − l, the second condition (ii) of the Corollary 2.8 is not fulfilled, so we can conclude that I is not equidimensional.
Let P be a discrete polymatroid which satisfies the strong exchange property, with the rank function ρ. Then according to the Theorem 1.2, B(P ) is isomorphic to the set of bases of a polymatroid of Veronese type. In fact, the isomorphism used in the proof of the theorem is given by the translation τ :
where u 0 is the integer vector whose i-th coordinate is equal to ρ([n]) − ρ([n] \ {i}). τ (B(P )) is the set of bases of a discrete polymatroid of Veronese type. If u 0 = 0, then P is of Veronese type. Eventually, after a renumbering of variables, we may assume that τ (B(P )) = B (P d;a 1 ,. ..,an ), where d ≥ a 1 ≥ . . . ≥ a n . Proof. By the considerations preceding this corollary it follows that I = u 0 J, where u 0 = 1 is a monomial and J is a monomial ideal. For any x k dividing u, (x k ) is a minimal prime ideal of I. Therefore I is equidimensional if and only if all minimal prime ideals of I, and hence of √ I, have height 1. Let P i = (x j i ) ⊂ S, for 1 ≤ i ≤ r, be these minimal prime ideals. Since
The converse implication is obvious.
Classification of unmixed ideals of Veronese type
An ideal I of a Noetherian ring R is said to be unmixed if the associated prime ideals of R/I are the minimal prime ideals of I. Some authors, for example the book of Matsumura [10] , require in addition that all minimal prime ideals have the same height. In the case of a polynomial ring this definition of unmixedness is equivalent to say that I is equidimensional and has no embedded prime ideals.
The conditions "unmixed" and "equidimensional" are unrelated. For example, the ideal (xy, xz) of R = K[x, y, z] is unmixed but not equidimensional, while the ideal (x 2 , xy) is equidimensional but not unmixed. Deciding whether an ideal is unmixed is in general a hard problem since one has to know all its associated prime ideals. In the particular case of ideals of Veronese type we can give a complete description of the associated prime ideals. As before, we may assume that our non-zero ideal of Veronese type is of the form I = I d;a 1 ,...,an with d ≥ a 1 ≥ . . . ≥ a n . In case I is a prime ideal we have Ass(S/I) = I. In our case this happens only if I = (x 1 , . . . , x i ). In our further discussions we therefore assume that d > 1. We may also assume that a n ≥ 1, because if i is the least integer with a i = 0, then I = I d;a 1 ,...,a i−1 S and I is unmixed if and only if
Proposition 3.1. Let I = I d;a 1 ,...,an ⊂ S be an ideal of Veronese type with d > 1 and a n ≥ 1, and A a subset of [n] . Then
Moreover, if for all i ∈ A we choose b i with 0 ≤ b i < a i such that
i satisfies I : z = P A . Proof. ⇐: Since i ∈A a i ≤ d − 1, it follows that for any monomial u ∈ G(I) there exists an integer j with j ∈ A such that x j divides u. Therefore P A ⊃ I. The condition
i has degree d − 1. Hence z ∈ I, and obviously I : z ⊃ P A . If equality holds then P A ∈ Ass(S/I). Assume by contradiction that P A is a proper subset of I : z. Then there exists a monomial u ′ ∈ K[x i : i ∈ A] of degree at least 1, such that zu ′ ∈ I. That is, there exists a monomial u ∈ G(I), u =
a contradiction. Therefore I : z = P A , and we are done. ⇒ : Assume now that P A ∈ Ass(S/I). Then there exists a monomial z ∈ S, z ∈ I, such that I : z = P A . We first show that we can choose a monomial z of degree d − 1 such that I : z = P A .
Suppose that the monomial z ∈ I, with I :
i . We observe that there exists an integer j 0 ∈ [n] such that
Since I : z = P A , we have x i z ∈ I for all i ∈ A, and x i z ∈ I for all i ∈ A. Furthermore, for each i ∈ A there exists a monomial u i ∈ G(I) such that u i divides x i z. This fact together with z ∈ I implies that for all i ∈ A the variable x i appears in u i with the exponent b i + 1, therefore b i < a i for all i ∈ A. In particular, it follows that j 0 ∈ A.
We claim that z/x j 0 ∈ I and I : (z/x j 0 ) = P A . The first assertion follows from that z ∈ I and the fact that b j 0 − 1 ≥ a j 0 . For the second, we use the general fact that if z and z ′ are monomials such that z ′ divides z, then I : z ′ ⊂ I : z. Therefore, I : (z/x j 0 ) ⊂ P A . Since b j 0 − 1 ≥ a j 0 , then u i still divides x i z/x j 0 for all i ∈ A, so x i ∈ I : (z/x j 0 ) for all i ∈ A. Hence we have the other inclusion P A ⊂ I : (z/x j 0 ), and our claim is proved.
After a finite number of such reductions, we find z ∈ I of degree d − 1 such that
In what follows we shall prove that z has the required form of the statement. As
i with deg(z) = d − 1, such that I : z = P A . From I : z = P A , it follows that zx i ∈ I, for all i ∈ A, and zx i ∈ I, for all i ∈ A. In particular, b i + 1 ≤ a i for all i ∈ A, and b i ≤ a i for all i ∈ A. Since zx i ∈ I for all i ∈ A, and since b i ≤ a i , we must necessarily have b i = a i , for all i ∈ A. Therefore, we obtain that
with 0 ≤ b i < a i for all i ∈ A. In particular, we have
To complete the proof of the theorem it remains to prove (c) =⇒ (a). Herzog and Hibi proved (see [6, Theorem 3.2.] ) that a polymatroidal ideal I is a CohenMacaulay ideal if and only if I is either a principal ideal, a Veronese ideal, or a squarefree Veronese ideal. From the discussions preceding the theorem it follows that we only have to show that I is unmixed implies that I is either principal or squarefree Veronese.
First we shall show that I is equidimensional. Assume by contrary that I is not equidimensional. Then √ I is not equidimensional and therefore there exist A, B ⊂ [n] of cardinality k, respectively l such that k < l and P A , P B are minimal primes of √ I, and consequently of I. It follows from Corollary 3.3 that (x 1 , . . . , x k ) ⊂ (x 1 , . . . , x l ) are both associated prime ideals of I, a contradiction since I is unmixed. Therefore I is equidimensional. Hence, all the associated prime ideals of S/I are minimal over I and have the same height, which we denote it by k, with 1 ≤ k ≤ n. Now we have two cases. Case 1: a 1 + . . . + a n = d. This implies that I is principal, generated by x a 1 1 · · · x an n , hence Cohen-Macaulay, so we are done. Case 2: a 1 + . . . + a n > d. Since all the associated primes of S/I have the same height k, it follows from Corollary 3.3 that, in particular, (x 1 , . . . , x k ) is an associated prime of S/I. First we notice that k < n. Indeed, if k = n, then by Proposition 3.1, it would follow that a 1 + . . . + a n ≥ d − 1 + n. In particular, a 1 + . . . + a n > d − 1 + (n − 1) and together with a n ≤ d − 1, from the hypotheses, we obtain, via the same proposition, that (x 1 , . . . , x n−1 ) is an associated prime ideal, a contradiction, since I is unmixed.
Hence k < n and we have that a k+1 + . . .+ a n ≤ d − 1 and a 1 + . . .+ a n ≥ d − 1 + k. Because I is unmixed, then for any subset A ⊂ [n] with |A| = k, P A ∈ Ass(S/I). Therefore (x 1 , . . . , x k+1 ) ∈ Ass(S/I) and since a k+2 +. . .+a n < a k+1 +. . .+a n ≤ d−1, it follows from Proposition 3.1 that a 1 + . . . + a n < d − 1 + k + 1 = d + k. This inequality together with a 1 + . . . + a n ≥ d − 1 + k imply that a 1 + . . . + a n = d − 1 + k. Since we are in the case a 1 + . . . + a n > d, we necessarily have k > 1.
We conclude this case by showing that a i = 1 for all i with 1 ≤ i ≤ n, which means that I is squarefree Veronese ideal, and hence a Cohen-Macaulay ideal. Suppose, by contradiction, that there exists i ∈ [n] such that a i ≥ 2, hence in particular a 1 ≥ 2. Then, because k > 1 and I is unmixed, we have (x 1 , . . . , x k−1 ) ∈ Ass(S/I). Since a 1 +. . .+a n = d+k −1 > d−1+k −1, applying again Proposition 3.1 we obtain that a k +. . .+a n > d−1. Suming up this inequality with the inequality a 1 +. . .+a k−1 ≥ k (true, because we supposed that a 1 ≥ 2) we obtain that a 1 + . . . + a n > d − k + 1, a contradiction. Therefore, a i = 1 for all i ∈ [n], and we are done.
In conclusion, from the two cases analyzed we obtain that if I is unmixed then I is Cohen-Macaulay, so the theorem is proved.
